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Abstract-Utilizing the commutativity property of the Cartesian coordinate differential operators 
arising in the boundary conditions associated with the propagation of surface water waves against 
a vertical cliff, under the assumptions of linearized theory, the problem of obliquely incident surface 
waves is considered for solution. The case of normal incidence, handled by previous workers follow 
as a particular limiting case of the present problem, which exhibits a source/sink type behavior of 
the velocity potential at the shore-line. An independent method of attack is also presented to handle 
the case of normal incidence. 
1. INTRODUCTION 
The problem of diffraction of Electromagnetic waves by right-angled wedges, under sufficiently 
general boundary conditions of the impedence-type on the wedge surfaces, have been solved 
recently by Rawlins [l]. The method of Rawlins is a generalization of the one proposed by 
Williams [2]. Williams [3], Packham [4] and Faulkner [5] have employed similar methods to 
handle the problems of diffraction of time-harmonic surface water waves by vertical barriers. Of 
the many interesting phenomena (see Stoker [S]) arising in the propagation of surface water-waves 
when such waves strike static barriers the problem of incoming waves at normal incidence can be 
handled relatively easily. It has been shown recently by Mandal and Kundu [7], that still simpler 
and quicker methods of solution can be worked out for attacking such boundary value problems. 
In the present note we have considered the problem (see Stoker [8]) of incoming surface water 
waves against a vertical cliff in the circumstances when the angle of incidence 
a(0 < o < n/2) of the waves is non-zero, unlike in the case of normal incidence considered 
by Packham [4] and Mandal and Kundu [7]. Th en, following the Rawlins-type of ideas, the 
mixed boundary value problem under consideration is reduced to an unmixed one if the commu- 
tativity of the differential operators in the boundary conditions is made use of. The potential 
function d(z, y, .z) thus obtained reduces to the known one in the particular limiting case, when 
o - 0 and this possesses a logarithmic singularity at the shore-line z = 0,~ = 0, the reason 
for which can be attributed (see Packham [4]) to th e neglect of surface tensional effects on the 
free surface of the fluid medium under consideration. An independent but allied method is also 
presented here to attack the case of normal incidence i.e., when (Y = 0. 
2. THE PROBLEM AND ITS SOLUTION 
Using a non-dimensional Cartesian coordinate system with the z-axis vertically downwards 
we consider the problem of incoming surface-waves of small amplitudude incident at an angle 
a(0 < ff < ?r/2) with the x-axis in which the region z > 0 is the fluid region with its mean free 
surface being the plane .z = 0. When such surface waves strike a vertical cliff occupied by the 
plane x = 0 (y 2 0, .z 2 0), the problem of determination of the total velocity potential which is 
the real part of a function 4(x,y, z)e-iat(i2 = -l), where 4 is a single-valued harmonic function 
1 express my deep sense of gratitude to the referee whose advice has helped me immensely in revising the 
manuscript. 
Typeset by AA&T@ 
AMT.4 5:1-s 13 
14 A.~HAKRABAKTI 
in 
is 
the region t > 0,~ > 0,~ > 0, can be reduced (see Jarvis and Taylor [9]), when no reflection 
assumed, to the following mixed boundary value problem: 
To solve 
82 82 
-+-+& ax2 ay2 4=0, inx>O,y>O,z>O P-1) 
with the boundary conditions: 
2 + xqs = 0, on z = 0, 
(A = cT2qg,e = some characteristic length) 
(2.2) 
and 
%=O onx=O,z>O, ax ’ 
along with the infinity conditions that 
(2.3) 
4 N e-i(Xzcos o+Xy sin a)-X2, as x i oo, 
grad4 + 0, as z + co, 
(2.4) 
(2.5) 
and that 
d-e -iXysi”crlog ((x2+ .z2)‘/“) , as (x,y,z) -+ (O,O,O). (2.6) 
If we write 
4 = e-i(x”cOS~+Xysinrr)-Xz + q(x, y, z), 
(2.7) 
and assume, as in Faulkner [5] and Jarvis and Taylor [9], in view of the geometry of the cliff, that 
Q = x(x, z)e-iXysina, (2.3) 
we find, using the relations (2.1) - (2.3), that the problem will be solved completely once the 
function x is determined, satisfying the following equations and conditions: 
2 2 
g + 2 -X2 sin20x = 0, (x > 0, z > 0) (2.9) 
2 + xx = 0, on z = 0, x > 0, 
3 = iX cos (~e-~~, ax on I = 0, z > 0, 
(2.10) 
(2.11) 
with 
x + 0, asx+oo, (2.12) 
x, .wdx - 0, as z --+ co, (2.13) 
and 
x - log(x2 + z2)@, as (2, z) --+ (0,O). (2.14) 
In order to solve the above problem for the function x we set, following Williams [2] 
Faulkner [5] and Rawlins [l], 
(2.15) 
where 
2 
a2p 
2 + 8~2 -X2 sin2 rrp= 0, (x > 0, z > 0) (2.16) 
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and, because of the commutativity of the operators in the boundary conditions (2.10) and (2.11) 
with the operators in Equation (2.15), we obtain the boundary conditions for p as given by the 
relations 
and 
which, on using 
and 
onz=O 
p= iX cos ae-“~ on x = 0, 
the differential Equation (2.16), reduce to the conditions that 
d2 
p + x2 cos2 a dP - = 0, 
8X 
ont=O 
(:-A) (g-A’sin’o)p=-iAcosoe_“‘, on x = 0. 
(2.17) 
(2.18) 
Solving the above two ordinary differential equations on the two boundaries z = 0 and x = 0, with 
respect to x and z respectively and using the requirements that p tends to zero as (x2 + .z’)l” + 
00, and that p remains finite and continuous at x = 0 = Z, we obtain that 
i 
0, o’t % = 0, 
P= 2X2toscu (e-‘* - e-Xzsi”cr), on x = 0. (2.19) 
The above boundary value problem for the function p is the simplest of its kind and can be 
handled by a straightforward application of the Fourier Sine-Transform technique (see Sneddon 
[lo]) in the variable t. We find that the solution for p is given by the relation 
p(x, z) = -7 J 
mEsin<texp -(~2+X2sin2~)1’2x]d~ 
1 
0 (<2+X2)([2 + X2 sin’&) f 
(2.20) 
The use of the relations (2.15), (2.8), and (2.7) completely solves the actual boundary value 
problem under consideration and we obtain that 
+,+., y, z) _ icy ae-ixy sin a J 00 E(c cos <Z - X sin [z) exp ! - (t2 + X2 sin’ o) “’ Z] d< > (2.21) 
0 (E2 + X2)(E2 + X2 sin’cu)l” 
valid for all z and z > 0. 
The logarithmic singularity of the function $ at x = 0 = z is clearly visible from the form of 
the integrand in Equation (2.21). 
In the particular case (when a - 0), the above solution agrees with the one obtained by Mandal 
and Kundu [7] recently and by Packham [4] many years ago. 
We emphasize here that for the case cr = 0, the boundary value problem posed by the equations 
and conditions (2.9) to (2.14) require some extra care in order to avoid the occurrance of divergent 
integrals in the Fourier Sine Transform technique to be employed at the end as has been done 
to the conditions (2.19). We therefore present below a slightly different approach to handle the 
case o = 0. 
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3. THE CASE o = 0 
In order to solve the problem (2.9) to (2.14), with o = 0, we define 
(3.1) 
Then the problem reduces to that of solving the p.d.e. 
22x + i** = 0, for 2 > 0, 2 > 0, (3.2) 
with 
i= 0, on 2 = 0, z > 0, (3.3) 
i = 0, on 2 = 0, x > 0, (3.4) 
k-0, as (x”+tZ)“2+oo (3.5) 
and 
1 
F? - -1 
r2 
its T = ($2 + *2)1’2 + 0. (3.6) 
The solution to the above problem for the function i is given by the relation (using a separation 
of variables method) 
i(x, z) = $ sin 28 = 
2Ax.z 
(x” + z2)2 ’ 
(3.7) 
with x = r cos 6, z = r sin 0, 0 c 0 < 7r /2, r > 0, where A is an arbitrary constant. 
Upon using the result that 
J cm < sin <ze-@dc = 2x.r (x’ + z”)2 ’ 
the solution (3.7) can be written down as 
2(x, z) = A 
J 
cm t sin [ze-@dt. (3.9) 
(3.3) 
Solving the reducible p.d.e. (3.1) for x, we then determine the general solution of the Equa- 
tion (3.1) as given by the relation 
x(x, z) = f(x)t+’ + g(z) + Al” (’ cos’zt; $‘“‘“-‘= dt, (3.10) 
where f and g are arbitrary functions. 
We next go back to the actual conditions (2.9) to (2.14) with the form of x as given by the 
Equation (3.10) and find that we must choose f, g, and A to meet with the following requirements: 
f=O=g, (3.11) 
and 
_/&i 
r’ 
This produces the final form of x as given by 
(3.12) 
’ 
x(x, %) = 1 
J 
O” (Fcostr - Asintz)e-esdt 
, 
ff 0 <2 + x2 
(3.13) 
which agrees with the result obtained earlier. 
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